The static dipole polarizability for the hydrogen molecular ions H + 2 , HD + , and D + 2 are calculated. These new data for polarizability takes into account the leading order relativistic corrections to the wave function of the three-body system resulted from the Breit-Pauli Hamiltonian of mα 4 order. Our study covers a wide range of rotational (L = 0−5) and vibrational (v = 0−10) states, which are of practical interest for precision spectroscopy of the hydrogen molecular ions.
I. INTRODUCTION
It has been shown recently [1] that simple molecular ions have potentiality to be used as optical clocks with very good stability. An essential ingredient for high fidelity of such clocks is a good knowledge of the molecule reaction on the external fields appeared in the experimental setup. For the hydrogen molecular ions (HMI) as the simplest three-body system such data can be rigorously obtained from the ab initio calculations with a very high precision. The nonrelativistic polarizability of ro-vibrational states with up to eight or sometimes even more significant digits is now available for a wide range of states [2] [3] [4] [5] . It is easy to show that relativistic corrections to polarizability enters at a relative order of O(α 2 ) or contribute to about 10 −4 of relative precision [6] . Furthermore there are many experiments carried out at present with the aim to get better determination of the proton to electron mass ratio using the ro-vibrational transition spectroscopy [7, 8] and to study the hyperfine structure of the HMI states [9, 10] . The present status of theory for the ro-vibrational transitions is the fractional uncertainty of ∼ 7 × 10 −12 for the fundamental transitions in HMI [11] and for the hyperfine structure precision achieved is at 1 ppm level [12] .
In this work we carry out calculations of the leading order relativistic correction to the dipole polarizability of the hydrogen molecular ions H + 2 , HD + , and D + 2 . We take into consideration a wide range of ro-vibrational states: L = 0−5, v = 0−10. This is the first systematic study of the relativistic effects to polarizability of the HMIs for a variety of states. The higher order (O(α 3 )) radiative corrections in principle may be also taken into account, so far that has been done rigorously only for the helium ground state [13, 14] . In our present work we do not touch this issue, thus our current predictions are limited to 6-7 significant digits as physically meaninful quantity.
We adopt atomic units (m e =h = e = 1) throughout this work.
II. THEORY A. Nonrelativistic dipole polarizability
We start from the nonrelativistic Schrödinger equation:
where P i and M i are impulses and masses of nuclei (proton or deuteron), R is the internuclear distance, r 1 and r 2 are the distances from nuclei 1 and 2 to the electron, respectively. Z 1 and Z 2 are charges of the nuclei, in what follows we assume Z 1 = Z 2 = Z. The nonrelativistic state Ψ 0 = |v L is the unperturbed state characterized by the vibrational and rotational quantum numbers v, L, and E 0 is the state energy. The interaction with an external electric field E in the electric dipole representation is taken in the form
where d is the electric dipole moment of the HMI, and R 1,2 and r are the position vectors of the nuclei and of electron with respect to the center of mass of the ion. The change of energy due to polarizability of molecular ions is expressed by
where α ij is a tensor of polarizability of rank 2,
The static dipole polarizability tensor is then reduced [15] to scalar, α s , and tensor, α t , terms, which may be expressed by the three contributions corresponding to the possible values of L ′ for the angular momentum of the intermediate state:
where E n is the energy of the intermediate state |nL ′ . The polarizability tensor operator on a subspace of fixed total orbital angular momentum L may now be expressed:
where
The basic formalism in a shorthand vector notation may be rewritten as follows
The Tables for a complete 
B. Relativistic corrections to the dipole polarizability
Relativistic correction α B to the static dipole polarizability: is expressed:
here H B is the Hamiltonian of the Breit-Pauli interaction for the three-body system [16, 17] :
and Ψ B is the relativistic correction to the nonrelativistic wave function Ψ 0 :
Operator Q in the above equations is the projection operator on the subspace orthogonal to |Ψ 0 . It is worthy to note that in the atomic units c = α −1 , where α is the fine structure constant. Expressions (8) and (12) represent linear equations for the wave functions Ψ 1 and Ψ B , respectively. And thus the final value for α B may be obtain without full diagonalization of the Hamiltonian (1) on the subspace of the variational basis set and futher summation over states and pseudostates, that makes numerical procedure more fast and stable.
It is easily seen that the relativistic correction to the polarizability energy shift is the third order contribution of the pertubation theory. It is linear in the parameter α 2 , natural parameter of the relativistic expansion, and is quadratic in the electric field density E.
III. RESULTS
In our calculations we use a variational method based on exponential expansion with randomly chosen exponents, which has been described in details in a variety of our previous works [5, 17] and we omit here an explicit formulation of the method.
First we study convergence of our numerical results. For demonstration we take the ground (L = 0, v = 0) state of the H + 2 molecular ion. As is seen from the Table I, the relativistic contribution α B may be determined with at least eight significant digits while the nonrelativistic polarizability obtained is more precise than the best known in the literature [19] . A complete set of data of our numerical calculations is collected in Tables II-IV, the polarizabilities and HD + molecular ions, respectively, and is the main result of the present work. In this case the values for masses of nuclei have been taken from the latest published adjustment [18] of the CODATA group: M p = 1836.15267245 m e and M d = 3670.4829652 m e . They are also in accordance with our previous nonrelativistic calculations [5] . To avoid numerical errors we have used the sextuple precision arithmetics (48 decimal digits).
In the last Table we compare our results with the previous ones. Due to absence of the data for the relativistic polarizability we include into out Table only the nonrelativistic values for polarizability. In all the cases our result demonstrate perfect agreement with previous calculations.
In conclusion we want to state that the new data for the polarizabilities of the hydrogen molecular ions have a Zong-Chao Yan et al. [20] been obtained, which is significant up to 6-7 digits as physically observable quantities, while the achieved numerical precision is of eight or even more digits. These data may be used to increase precision of the physically meaningful values by including higher order QED corrections [13] . We want to note that this is the first systematic calculation, which includes the leading order relativistic corrections.
